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Abstract. In this paper, we introduce the generalized dual hyperbolic Pell numbers. As special cases, we deal with dual
hyperbolic Pell and dual hyperbolic Pell-Lucas numbers. We present Binet’s formulas, generating functions and the
summation formulas for these numbers. Moreover, we give Catalan’s, Cassini’s, d’Ocagne’s, Gelin-Cesaro’s, Melham’s
identities and present matrices related with these sequences.
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1. Introduction
A generalized Pell sequence {V}, }n,>0 = {Vi(Vo, V1) }n>0 is defined by the second-order recurrence relations
V=2V 1+ Vo Vo=a, Vi =b, (n>2) (L.1)

with the initial values Vp, V1 not all being zero. The sequence {V},},>¢ can be extended to negative subscripts
by defining
Vop = _ZV—(n—l) + V—(n—2)

forn = 1,2, 3, .... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pell numbers with positive subscript and negative subscript are given in the following
Table 1.
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Table 1. A few generalized Pell numbers

n Va V.o,

0 Vo

1 i =2V + W1
2 Vo + 21 5V — 2V;
3 2Vp+5W; —12Vy + 5V
4 5V +12W; 29V, — 12V

5 12V +29V;  =70Vh + 29V;

If we set Vo = 0,V; = 1 then {V,,} is the well-known Pell sequence and if we set Vy = 2,V = 2 then
{V.,} is the well-known Pell-Lucas sequence. In other words, Pell sequence {Pn}nzo and Pell-Lucas sequence
{Q@n}n>0 are defined by the second-order recurrence relations

P,=2P, 1+ P, 2 P=0P=1 (1.2)
and
Qn = Qanl + Qn727 QO = 27 Ql =2 (13)
The sequences {P,, },>0 and {@, } >0 can be extended to negative subscripts by defining
P_p==2P ( 1)+ P_(n_g
and
Q—n = 72@—(n—1) + Q—(TL—Q)
forn = 1,2, 3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
Pell sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example, [3, 8, 9, 11, 13, 16, 19, 20, 29]. For higher order Pell sequences,

see [17, 18, 24, 25].
We can list some important properties of generalized Pell numbers that are needed.

e Binet formula of generalized Pell sequence can be calculated using its characteristic equation which is
given as
t?—2t—1=0.

The roots of characteristic equation are
a=14+V2, g=1-V2
and the roots satisfy the following
a+8=2a8=-1,a—8=2V2
Using these roots and the recurrence relation, Binet formula can be given as

Aa™ — BBA™
y, — Ao = BB" (1.4)
a—p
where A=V, — V8 and B =V; — Vja.

e Binet formula of Pell and Pell-Lucas sequences are

Pn = o - ﬂn
a—pf
and
Qn=a" + 3"
respectively.
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e The generating function for generalized Pell numbers is

. Wo + (W1 — ZWO)t

g(t) T 5 2 (1.5)
e The Cassini identity for generalized Pell numbers is
Vi Vo1 — V2= 2WVi — V2 = V). (1.6)
.
Aa"™ = aV, + V1, 1.7
BB™ = BV, + V1. (1.8)
The hypercomplex numbers systems [15], are extensions of real numbers. Complex numbers,
C={z=a+ib:a,beR,i’>=—1},
hyperbolic (double, split-complex) numbers [23],
H={h=a+jb:a,beR,j>=1,5#+1},
and dual numbers [10],
D={d=a+eb:a,becR,e?=0,e+#0}.
are some commutative examples of hypercomplex number systems. Quaternions [12],
Hg = {¢ = ao +ia1 + jas + kas},
where ag,a1,az,a3 € R,i2 = j2 = k* = ijk = —1, octonions [2] and sedenions [26] are some non-

commutative examples of hypercomplex number systems.

The algebras C (complex numbers), Hg (quaternions), @ (octonions) and S (sedenions) are real algebras
obtained from the real numbers R by a doubling procedure called the Cayley-Dickson Process. This doubling
process can be extended beyond the sedenions, (see for example [4, 14, 21]).

e Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [12] as an extension to the
complex numbers.

e Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848 [7].
e H. H. Cheng and S. Thompson [5] introduced dual numbers with complex coefficients.
e Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.
A dual hyperbolic number is a hyper-complex number and is defined by

q = (ao+ja1) +e(az + jas) = ao + ja1 + €az + cjas

where ag, a1, as and ag are real numbers.
The set of all dual hyperbolic numbers are denoted by

Hp = {ao + jai1 + caz + €jas}
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where ag,a1,az2,a3 € R, j2 = 1,5 # 41,62 = 0, # 0. The base elements {1, j,,c;5} of dual hyperbolic
numbers satisfy the following properties (commutative multiplications):

:j.jzl

le=¢lj=j, e =ce=(je)* =0, j°
=(ej)i=¢

5'j = j-5, 5'(5j) = (€j).€ = Oa ](5])

where ¢ denotes the pure dual unit (€2 = 0,¢ # 0), j denotes the hyperbolic unit (j2 = 1), and €5 denotes the
dual hyperbolic unit ((je)? = 0).
The product of two dual hyperbolic numbers ¢ = ag + jai + €as + jeas and p = by + jb1 + €ba + jebs is
qp = agbo + a1by + j(aob1 + a1bo) + £(aobz + azby + a1bz + azby) + je(aobs + a1bz + azby + boas)
and addition of dual hyperbolic numbers is defined as componentwise.
For more information on the dual hyperbolic numbers, see [1].
In this paper, we define the dual hyperbolic generalized Pell numbers in the next section and give some
properties of them.

2. Dual Hyperbolic Generalized Pell Numbers, Generating Functions and Binet’s
Formulas

In this section, we define dual hyperbolic generalized Pell numbers and present generating functions and Binet
formulas for them.

In [6], the authors defined dual hyperbolic Pell and Pell-Lucas numbers and in [28], the author introduced
dual hyperbolic generalized Fibonacci numbers.We now define dual hyperbolic generalized Pell numbers over
Hp. The nth dual hyperbolic generalized Pell number is

Vi = Vi + Vi1 + eViro + jeViys. 2.1)

As special cases, the nth dual hyperbolic Pell numbers and the nth dual hyperbolic Pell-Lucas numbers are given
as

~

Pn :Pn +jpn+1 +€Pn+2 +j5Pn+3

and

~

Qn = Qn +an+1 + 56271—',-2 +j5Qn+3

respectively. It can be easily shown that
V=2V 1+ Vyo. 2.2)

The sequence {?n}nzo can be extended to negative subscripts by defining
Von = _2V—(n—l) + V—(n—2)

forn = 1,2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.
The first few dual hyperbolic generalized Pell numbers with positive subscript and negative subscript are
given in the following Table 2.

Table 2. A few dual hyperbolic generalized Pell numbers

n Va V_n,

Vo
1 Wi —2Vo + Vi
2 Vo+2W 5V, — 2V,
3 2V +5V —12V, + 50
4 5V +12Vh 29V, — 121}
5 12V 429V —70V + 29V,
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Note that

Vo = Vo + Vi + eV + jeVs
= Vo + Vi +e(Vo +2Vi) + je(2Vp + 511),
Vi =Vi+jVa+eVs+jeVs
= Vi +7(Vo+2V1) +e(2Vo + 5V1) + je(5Vp + 12V4).

For dual hyperbolic Pell numbers (taking V,, = P,,, Py = 0, P, = 1) we get

Py = j + 2 + 5je,
P =1+ 2j + 5e + 12je,

and for dual hyperbolic Pell-Lucas numbers (taking V,, = Q,,, Qo = 2, @1 = 2) we get

Qo = 2+ 2j + 6 + 14je,
Q1 = 2+ 6j + 14 + 34je.

A few dual hyperbolic Pell numbers and dual hyperbolic Pell-Lucas numbers with positive subscript and negative
subscript are given in the following Table 3 and Table 4.

Table 3. Dual hyperbolic Pell numbers

n P, P_,

0 j+2e+5j¢e

1 1425 4 5e + 12j¢ 14+ 2j¢

2 2455 4+ 12¢ 4+ 29j¢ —2+j+ ¢

3 5+ 125 4 29¢ 4 70j5¢e 9+e—2j

4 124295 4 70 + 169je  —124 55 — 2¢ + je

5 294705 4+ 169¢ + 4085 29 4 5e — 125 — 2j¢

Table 4. Dual hyperbolic Pell-Lucas numbers

n QTL Q—’!L
0 2+ 2j + 6e + 14j¢
1 2467 + 14e + 34j¢ —2+2j + 2+ 6j¢
2 6 4 145 + 34e + 82j5¢ 6 + 2¢ — 25 + 2j¢
3 14 + 345 4 82e 4 198j¢ —14 465 — 2e + 2j¢
4 344 825 4 198¢ 4 478j¢e 34 + 6 — 145 — 2j¢
5 8241985 + 478 + 11545 —82 + 345 — 14e + 6j¢

Now, we will state Binet’s formula for the dual hyperbolic generalized Pell numbers and in the rest of the
paper, we fix the following notations:

=14 ja+ea?+ jea?,
=1+ jB+ep*+ jep’.
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Note that we have the following identities:

a=1+4+ja+e2a+1)+ je(ba+2),
B=1+jB+e(28+1)+ je(58+2),
0% = 24 20 + 20§ + (12 + 28a)e + (8 + 20a) je,

B = 2428428+ (12 + 288)c + (8 + 208)je,
ap = 2j + 12je,

a%B = 200+ 2j + (4 4 220)e + (14 + 4a) je,

GB =28+ 2+ (4+228)e + (14 + 48)je,

a8 = 4+ 48e.

Theorem 2.1. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Pell number is

o Agan— BB

= 2.3)

Proof. Using Binet’s formula
Aa™ — Bg"™
Vop=—-—7-—
of the generalized Pell numbers, we obtain

‘771 - Vn + jVn-i-l + EVv’n—i—2 + ngn-&-S
Aa” — BB" ,Aa”"'l _ Bﬁn-&-l

a-B T a-g

Aan+2 _ Bﬁ”+2 Aan+3 _ Bﬁn+3

+ je
a—p a—p
A(l+ ja+ea? + jead)a”
a—p
_ B(1+jB+ep* +jef) 5"
a—pf ’

This proves (2.3).
As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Pell number is

P, = Gar — Bp" (2.4)
a—f
and the Binet’s Formula of nth dual hyperbolic Pell-Lucas number is
Q. = @a” + BB". 2.5)
Next, we present generating function.

Theorem 2.2. The generating function for the dual hyperbolic generalized Pell numbers is

f:A Vot (Vi -2V
o1 -—2z—2a2

104



A study on dual hyperbolic generalized Pell numbers

Proof. Let
oo
g(z) = Z V,z"
n=0

be generating function of the dual hyperbolic generalized Pell numbers. Then, using the definition of the dual
hyperbolic generalized Pell numbers, and substracting 2zg(z) and 22g(z) from g(z), we obtain (note the shift in
the index n in the third line)

(1 -2z —2?)g(x) = Z Voo™ — 2 Z Voo™ — a2 Z Voa™
n=0 0

n=0

n=
[e'S) [eS) [e'S)

_ T oon i n+1 7 n+2

= g Vo™ —2 g V,x — E Voo
n=0 n=0 n=0

= Z ‘/}nzn -2 Z ‘/}n—lxn - Z ‘7n—2xn
n=0 n=1 n=2
= (‘70 + Vlw) — 2V
+ Z(‘/}" - 2‘711—1 — ‘771_2)1‘”
n=2
= (Vo + Viz) — 2V
=Vo+ (‘71 — 2‘70):10.
Note that we used the recurrence relation XA/n = 2‘7n_1 +7, _o. Rearranging above equation, we get

7‘70+(‘71,2f/0)x
T 1-—2x—22

g9(z)

As special cases, the generating functions for the dual hyperbolic Pell and dual hyperbolic Pell-Lucas numbers

are
iﬁ o G+2+5je) +(1+e+2je)a
— e 1—2x — 22
and -
Z@ o (2+2j + 6 + 14je) + (—2+ 2j + 2c + 6je)x
oy e 1— 2z — 22
respectively.

3. Obtaining Binet Formula from Generating Function

We will next find Binet formula of dual hyperbolic generalized Pell number {XA/n} by the use of generating
function for V,,.

Theorem 3.1. (Binet formula of dual hyperbolic generalized Pell numbers)

5 dloz” _ dgﬁn
"= asB  @-p G-D

where

dy = %a + (‘71 — 2‘70),
dy = Vo8 + (Vi — 2Vp).
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Proof. Let
h(z) =1 -2z — 22

Then for some « and /3 we write
W) = (1 - ax)(1 — Ba)

ie.,
1-2z—2%=(1-ax)(l - pz) (3.2)

Hence é ve % are the roots of h(x). This gives o and 3 as the roots of

This implies 22 — 22 — 1 = 0. Now, by (2.6) and (3.2), it follows that

o > o 2"
Z an‘" = V]vf) + (‘/1 1 VQ)Z’
2 (1—aa)(1 - Bz)

Then we write R ~ ~
Vo+ (Vi —2Vp)z Ay Ay
I—an)1—Br) (—az)  (1-B2) 3.3)

So
Vo+ (Vi —2V)z = Ay (1 — Bz) + As(1 — ax).

If we consider z = X, we get Vo+ (Vi — 2170)5 = Ai(1 — B1). This gives

Voot (h—2W) _ d
! (a—B) (a—p)

Similarly, we obtain

%—i—(f}l—Q%)% = A2(1—0¢%)
j‘A/OBJF(‘AG*Q‘A/O)2142(5*04)
and so R R R
o VB (Vi—2W) _ d
’ (a—B) (a—B)

Thus (3.3) can be written as

Z Vo™ = Ar(1 —ax) ™t + Ay(1 — )t

n=0
This gives
o0 N o0 o0 o0
Z V" = Ay Z az" + Ay Z Bra™ = Z(Ala" + A 8™)a".
n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
Vi = A" + Azf"

and then we get (3.1).

e
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Note that from (2.3) and (3.1) we have

(Vi = VoB)a = Voa+ (Vi — 2Vp),
(Vi = Voa)B = Vo B + (V1 — 21p).

Next, using Theorem 3.1, we present the Binet formulas of dual hyperbolic Pell and dual hyperbolic Pell-
Lucas numbers.

Corollary 3.2. Binet formulas of dual hyperbolic Pell and dual hyperbolic Pell-Lucas numbers are
p _ Ga"—Bp"
a—p
and R R
Qn = aa™ + pp"

respectively.

4. Some Identities

We now present a few special identities for the dual hyperbolic generalized Pell sequence {‘7”} The following
theorem presents the Catalan’s identity for the dual hyperbolic generalized Pell numbers.

Theorem 4.1. (Catalan’s identity) For all integers n and m, the following identity holds
> > > —1)" "N (A+B)Vaym—1+(AB+Ba) Vaym —2(—1)™ AB . :
Vit Vi — V2 = EV (AT B Voot £ (AB+ B Vo =2(=1)"AB) (95 19jc).
Proof. Using the Binet Formula

o _ Ada” - BB"

n — Oé—ﬁ
and

Aa" = aV, +V,_1,

Bﬁ'ﬂ :ﬁVn"'_anla
WegAf:t

Vn+m‘7n—m - ‘7112
(Aaamt™ — BBA™™m)(Adan~™ — BBA"~™) — (Ada™ — BBB™)?

R _(a=p)? R

_ —ABapa™tmpr™ — ABBaa™ ™A™ + 2ABafa” "
B R (a —Aﬁ)z R
_ —ABapa™tmprT™ — ABafa ™M™ + 2ABafa” "
- T @-
_ ~7 (am — ﬁm) n—m pn—m

_1\n—m+1 m __ Qm N
_ CrmABen ) o

_ (=)™ "™ ((A+B)Vay,—1+(AB+Ba) Vo, —2(—1)"™ AB) (2] + 12j<€)

8
where o = —1 and a8 = 2j + 12je.
As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic Pell and dual hyperbolic
Pell-Lucas numbers. Firstly, we present Catalan’s identity of dual hyperbolic Pell numbers.
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Corollary 4.2. (Catalan’s identity for the dual hyperbolic Pell numbers) For all integers n. and m, the following
identity holds

B. P p2_ GO (Pona + Pom = (1))
n+min—-m — 4L —
2

Proof. Taking V,, = P, in Theorem 4.1 we get the required result.
Secondly, we give Catalan’s identity of dual hyperbolic Pell-Lucas numbers.

(j + 67¢).

Corollary 4.3. (Catalan’s identity for the dual hyperbolic Pell-Lucas numbers) For all integers n and m, the
following identity holds

QnimQn—m — Q. = (=)™ (Qam — 2(=1)™) (2] + 12j2).

Proof. Taking V,, = @,, in Theorem 4.1, we get the required result.
Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized
Pell sequence.

Corollary 4.4. (Cassini’s identity) For all integers n, the following identity holds

Vn+1Vn 1 fvz (= 1)"((A+B)V1+(Aﬁ+Ba)V2+2AB) (j + 6j¢).

As special cases of Cassini’s 1dent1ty, we give Cassini’s identity of dual hyperbolic Pell and dual hyperbolic
Pell-Lucas numbers. Firstly, we present Cassini’s identity of dual hyperbolic Pell numbers.

Corollary 4.5. (Cassini’s identity of dual hyperbolic Pell numbers) For all integers n, the following identity holds
Poy1Pooy — P2 =2(=1)"(j + 6je).
Secondly, we give Cassini’s identity of dual hyperbolic Pell-Lucas numbers.

Corollary 4.6. (Cassini’s identity of dual hyperbolic Pell-Lucas numbers) For all integers n, the following
identity holds

Q\n+1©n71 Q2 = ( )n+1(] + 6]6)

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the Binet Formula of
the dual hyperbolic generalized Pell sequence:

- Ada™ — BBﬁ"'
a—f

The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the dual hyperbolic generalized
Pell sequence {V,, }.

Theorem 4.7. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Vit Vi = Vi Vst = (Vi Vin—1 — VinVia_1) (25 + 12j¢).
(b) (Gelin-Cesaro’s identity)

AB(fl)nJrl

V7L+2Vn+1vn 1Vn 2 — V4 = (k1 + koj + kse + k4j€)

where
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ki =26(—1)" AB +6(Van—1 (Vo + V1) + Van (Vo + 3V1))

ky = 3(4Van (Vo + 2V1) + Van—1 ((A+ B) + 2(Vo + V1))

ks = 12(26 (—1)" AB + 2Va,(5Vo + 13V1) + Vap—1 (A+ B+ 8(Vo + V1))
ky = 12(V2,,(16Vh + 36V1) + Va1 (3(A + B) + 10(V1 + 1p))).

(¢) (Melham’s identity)
Vi1 VigaViss — Vi3 s = 2(=1)" AB((91V,, +38Vy_1) + (38Vi + 15V, 1) + (1077V;, +-448V,, 1 )e +
(448V;, + 181V,,_1 )je).

Proof.
(a) Using (1.7) and (1.8) we obtain

‘7m+1‘7n - ‘7m‘7n+1
. ABaE(—am"'lﬁ" — qnpmtl 4 gmpantl 4 Oén+1ﬁm)
- (a - B)2
- AB (a™p™ — o™ (") _~
B o R
(Vi 4+ V1) (BVim + Vin—1)

(—p)

S V7;1)(g>vn V) (9 4 12je)
= (ViVi—1 — Vil Vi) (25 + 12je).

(2 + 12j¢)

(b) It requires lengthy and tedious work. So we omit the proof.
(¢) Using (1.7), (1.8) and Binet formula of ‘A/n, we get
Vst Visa Vs — V3,5 = (—1)"*1 AB (_W@a" + %MBBW) aB
and then using
a’B = 2a +2j + (4 + 220)e + (14 + 4a)je,
a8 = 26+2j + (4 +228)c + (14 + 48)je,

we obtain the required result.

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of
dual hyperbolic Pell and dual hyperbolic Pell-Lucas numbers. Firstly, we present the d’Ocagne’s, Gelin-Cesaro’s
and Melham’ identities of dual hyperbolic Pell numbers.

Corollary 4.8. Let n and m be any integers. Then, for the dual hyperbolic Pell numbers, the following identities

are true:
(a) (d’Ocagne’s identity)

ﬁm+1ﬁn - ﬁmﬁnJrl = (Pan,1 - PmPnfl) (2] + 1235)

e
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(b) (Gelin-Cesaro’s identity)

PpioPyi1 Py 1Py o—P* = (—1)"" (13 (=1)"4+3(3Pan+Pap—1)+6(2Pan+ Pap_1)j+12(13 (=1)"+
13P,,, + 5P2n,1)6 + 24(9P2n + 4P2n71)j€).

(¢) (Melham’s identity)

Poy1PayoPuio— D3y =2(=1)" ((91P, +38P, 1)+ (38P, + 15P,_1)j + (1077P, +448P, 1 )e +
(448P, + 181P,_1)je).

Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of dual hyperbolic Pell-Lucas
numbers.

Corollary 4.9. Let n and m be any integers. Then, for the dual hyperbolic Pell-Lucas numbers, the following
identities are true:

(a) (d’Ocagne’s identity)
Qums1Gn — QuQns1 = (QuQm—1 — QuQn_1) (2j + 12je).

(b) (Gelin-Cesaro’s identity)

@n+2@n+1@n71@n—2 - @?—L = 32(_1)n(26 (_1)n+1 + 3(2Q2n + Q2n71) + 3(3Q2n + Q2n71)j +
12(26 (—1)" ™ + 9Qap + 4Qan_1)e + 12(13Qay + 5Qan_1)je).

(¢) (Melham’s identity)

Oni1Qni20nre — Q3 = 16(—1)" ((91Qn + 38Qn_1) + (38Qn + 15Qn_1)j + (1077Q, +
448Qn—1)6 + (448Q71, + 181Qn—1)j5)'

5. Linear Sums

In this section, we give the summation formulas of the dual hyperbolic generalized Pell numbers with positive
and negatif subscripts. Now, we present the summation formulas of the generalized Pell numbers.

Proposition 5.1. For the generalized Pell numbers, for n > 0 we have the following formulas:
@ Yo Ve =3(Vagrz — Vg1 — Vi + V).

() Yp_oVor = 3(Vany1 — Vi +2V0).

© Yp_oVort1 = 3(Vania — Vo +2V7).

Proof. For the proof, see Soykan [27].
Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Pell
numbers.

Theorem 5.2. Forn > 0, dual hyperbolic generalized Pell numbers have the following formulas:.
@ > oo Vi = %(Vnm — Vo1 = Vi + Vo).
(b) ZZ:O ‘721« = %(‘7271,-5-1 - ‘71 + 2170).

© Sio Vorsr = 3(Vonga — Vo).
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Proof. Note that using Proposition 5.1 (a) we get

Then it follows that

ZVk—

( Vi+ Vo) +j(=V1 —

(Vg2 + 3Vigs + eViga + jeVigs) —

n
1
Z Vi1 = i(vn—&-?) — Vg2 — V1 — Vo),
k=0
- 1
ZVk+2 =5
k=0 2

> Vigs = %
k=0

(Vn+4 - Vn+3 - 3‘/1 - VO)7

(Vags = Vs — 7V = 3Vp).

(Vis1r + 3Vaao + eVias + jeVinia)

Vo) +e(=3V1 = Vo) + je(=TV1 — 3V0))

1, N . .
=—(Vago = Vog1 + (V1 + Vo) +§(=Vao + V1) + e(=V5 + Vo) + je(—Va + V3))

2
1 ~ ~
- §(Vn+2 - Vn+1 -

This proves (a).

‘71 +‘70).

(b) Note that using Proposition 5.1 (b) and (c) we get

Then it follows that

1
5(‘/2n+3 - W),

Z Varyo =
k=0
ZVzk+3 = %
k=0

(Vanga —2V1 = V).

~

2k

NE

>
Il

0
‘/2n+1 + ]V2n+2 + Z':VinJrB + ]5‘/2n+4)
Vi +2Vp) + (Vo) + e(=V1) + je(—2Vi — V)))

(
(—
(Vant1 + Vonto + eVongs + jeVopga)
(Vi +2V0) +5(=V2 +2V1) +2(=Vs 4 2V2) + je(=Va + 2V5))
(

‘/2n+1 + ]V2n+2 + 6‘/2n+3 + ]5‘/2n+4)
Vi+iVo+eVs+jeVy) +2(Vo + jVi + eVa + jeVi))
i1 — Vi 4 2Vp).

R e N e L

(
(
(
(
(
—(
(Vo

|~

(c) Note that using Proposition 5.1 (b) and (c) we get

V2n+5 —5V1 —2V).

Z Vokta =
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Then it follows that

-~

2k+1

WE

S
Il

0
(Vant2 + 1Vonts + eVopta + jeVopss)
Vo + Vi +e(2Vi + Vo) + je(5V1 + 2Vh)))

N~

(
—(

Vanga — (Vo + Vi + eVa + jeVi))

e

= 2(V2n+2 - V).

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Pell numbers:

Corollary 5.3. Forn > 0, dual hyperbolic Pell numbers have the following properties:

(a) ZZ:oﬁk = %(ﬁn—i-Q *ﬁn—i-l *ﬁl +ﬁ0) - %(ﬁn—lﬂfﬁn_._l 7(1 +]+3€+7j5))
() i Por = 5(Pons1 — Pr +2Py) = L(Pansr — (1+ ¢ + 2je)).
(©) ZZ:O 132k+1 = %(132%2 - ]30) = %(ﬁ2n+2 — (j + 2e + 5j¢)).

As a second special case of the above theorem, we have the following summation formulas for dual hyperbolic
Pell-Lucas numbers:

Corollary 5.4. Forn > 0, dual hyperbolic Pell-Lucas numbers have the following properties.
@ Y3 Qk = 2(Quiz — Qui1 — Q1 + Qo) = 3(Qusz — Quar — 4 (J + 2¢ + 5je)).

® >, Qo = %(@2n+1 —Q1+2Q0) = %(@27},—}-1 +2(1 —j — e — 3j¢e)).

© > ko @2k+1 = %(@2n+2 - @0) = %(anu — (24 2j + 6 + 14j¢)).

Now, we present the formula which give the summation formulas of the generalized Pell numbers with
negative subscripts.

Proposition 5.5. For n > 1 we have the following formulas:
@ Y Vee =5(=3Vop1 = Voo + Vi = Vp).

() S Voop = 2(—Vioguor + V1 — 2Vh).

© Yp_i Veorsr = 3(—Vian + V).

Proof. This is given in Soykan [27].
Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Pell
numbers with negative subscripts

Theorem 5.6. Forn > 1, dual hyperbolic generalized Pell numbers have the following formulas:
(a) Zzzl ‘7—19 . %(—3‘74%1 - ‘77“72 + ‘71 — ‘70)

(b) Z;Ll ‘7721@ = %(—‘Zznﬂ + 171 — 2170).
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© >koa ‘772k+1 = %(—szn + ‘//\b)

Proof. We prove (a). Note that using Proposition 5.1 (a) we get

- 1
Z V_k+1 = 5(73‘/—77, - V—n—l + ‘/1 + V0)7
k=1

= 1

Z V_k+2 - 5(_3V—n+1 - V—n + 3‘/1 + %)a
k=1

- 1
> Vs = 3 (=8Vonie = Vongr +7Vi + 3V0).
k=1

Then it follgws that
ZZ=1 Vop = %(3(‘/—77,—1 +.7V—n + 5V_n+1 +j€v—n+2) - (V—n—Q +jv—n—1 +eV_o, +j€v—n+1)
+(V1 = Vo) + (Vi + Vo) +e(8Vi + Vo) + je(TV1 + 3V0))

1 = = . .
= 5(_3an71 —V_p_a+ ((V1 — V()) +](V2 — V1) + E(Vg — VQ) +]€(V4 — Vg))
T . N SN
= 5(_3‘/—”—1 - V—n—2 + Vl - ‘/O)

This proves (a). (b) and (c) can be proved similarly.
As a first special case of above theorem, we have the following summation formulas for dual hyperbolic Pell
numbers:

Corollary 5.7. Forn > 1, dual hyperbolic Pell numbers have the following properties:

@ S P=3(-3P 1 —P o+ P —P))=3(-3P 1 —P o+ (1+j+3e+Tje)).
®) >, P ooy = %(—13—27;—1 +P - Zﬁo) = %(—13—271—1 + (1 4+ €+ 2je)).

(© Y3y Poogir = L(=Pogy + Py) = L(=P_gp + (j + 2¢ + 5je)).

Corollary 5.8. Forn > 1, dual hyperbolic Pell-Lucas numbers have the following properties.

@ Y3 Qor=3(-30n-1— Qo2+ Q1— Qo) = 3(~3Q_n_1 — Qn2 + (4 + 8¢ + 20j¢)).
b) X7 Qok = 2(~Q 201+ Q1 — 2Q0) = L(~Q 201 + (=2 + 2j + 2¢ + 6je)).

~

(© >y Q-ai1 = %(—@—zn +Qo) = 1(—Q-2n + (2+ 2j + 6 + 14j¢)).

6. Matrices related with Dual Hyperbolic Generalized Pell Numbers

= ()

such that det M = —1. Induction proof may be used to establish

We define the square matrix M of order 2 as:

n __ Pn+1 Pn
M" = ( P, Pn—l) 6.1
and (the matrix formulation of V,,)
Vi) _ (21\" (W
(%)-(o) () 6
S
Vi
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My = ‘:/3 ‘:/2 .
Va i
This matrice My, is called dual hyperbolic generalized Pell matrix. As special cases, dual hyperbolic Pell matrix
and dual hyperbolic Pell-Lucas matrix are

Now, we define the matrices My, as

respectively.

Theorem 6.1. Forn > 0, the following is valid:

My 21N Vogs Vo | 6.3)
1 O Vn+2 Vn+1
Proof. We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it is true
for n = k, that is
My MF = (‘Afmg ‘/{k+2> .

Vit2 Vi1

If we use (2.1), then we have 17k+2 = 2‘7k+1 + ‘A/k Then, by induction hypothesis, we obtain

My MFH = (Mka)M = ‘A/k+3 ‘ZIH'Q (2 1)
Vit Vit 10

_ 2‘:/k+3 + 1:/k+2 ‘:/k+3
2Vit2 + Vg1 Vit

i (v v) |
Virs Vigo
Thus, (6.3) holds for all non-negative integers n.
Remark 6.2. The above theorem is true for n < —1. It can also be proved by induction.
Corollary 6.3. For all integers n, the following holds:
Viso = VaPpoi1 + Vi P,

Proof. The proof can be seen by the coefficient of the matrix My and (6.1).
Taking V,, = P, and V,, = @,,, respectively, in the above corollary, we obtain the following results.

Corollary 6.4. For all integers n, the followings are true.
@) Puiz=P2Pyi1 + PiPy.

() Qnio=QaPui1+Q1P,.
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