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1. Introduction

Special curves are important study areas where new re-
searches have been continuously carried out in differential
geometry. There are many studies in the literature about
Smarandache curves which are one of these special curves.
A regular curve, whose position vector is obtained by Frenet
frame vectors of another regular curve is called Smarandache
curve in Minkowski space-time [7]. Both in Euclidean space
and in Minkowski space, there are many researches related
with special Smarandache curves,[1-5, 7, 10].

We know that one of the most important problem in differ-
ential geometry is the characterization of a regular curve. It is
well-known that the curvature functions and the Frenet vectors
characterize a curve and play an important role to determine
the shape and size of the curve. Because of this, finding the
Frenet apparatus of a curve is very significant.

In this study, considering the extended Darboux frame (or

shortly ED-frame) in Minkowski 4-space [8], we define some
special Smarandache curves according to the ED-frame in
E‘l‘. Then we obtain the Frenet apparatus of TD-Smarandache
curve depending on the invariants of the ED-frame of second
kind.

2. Preliminaries

The Minkowski 4-space E} is the real vector space R*
provided with the indefinite flat metric given by

()= —dx% —l—dx% —&—dx% +dx£,

where (x1,x2,x3,x4) is a rectangular coordinate system of
E}. An arbitrary vector x in Rf — {0} is called a spacelike
vector if (x,x) > 0, is called a timelike vector if (x,x) < 0 and
is called a null or lightlike vector if (x,x) = 0, respectively.
Specially, the vector x = 0 is a spacelike vector. The norm
of a vector x is defined by ||x|| = /|(x,x)| and a vector x
satisfying (x,x) = £1 is called a unit vector. If (x,y) =0,
then the vectors x and y are said to be orthogonal vectors. For
an arbitrary curve « in E4, if all of velocity vectors of « are
spacelike, timelike and null or lightlike vectors, the curve o
is called a spacelike, a timelike and a null or lightlike curve,
respectively, [6].

A hypersurface in the Minkowski 4-space is called a space-
like hypersurface if the induced metric on the hypersurface
is a positive definite Riemannian metric and is called a time-
like hypersurface if the induced metric on the hypersurface
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is a Lorentzian metric. The normal vector of the spacelike
hypersurface is a timelike vector and the normal vector of the
timelike hypersurface is a spacelike vector.
4 4 4
For the vectors x = Y x;e;,y = Y yiej, andz =Y, z;e; in
i=1 i=1 i=1

IR, the ternary or vector product of these vectors is defined
by

—€] € €3 €4
X1 X2 X3 X4
XQyRz=— R
yiooy2 Y3 4
<1 2 73 4

where {e],ey,e3,e4} is the standard basis of R‘l‘. Then for the
vectors ej, e, e3 and e4, the equations

e Wer®e3 =ey, e e3®es =ey,

e3es®e; = ey, eper ey = —e3

are satisfied, [9].
Let .# be an oriented non-null hypersurface in E‘f and o

be a non-null regular Frenet curve with speed v = ||t’|| on .Z.

Let {t,n,by, by} be the moving Frenet frame along the curve
a. Then the Frenet formulas of « are:

t = evkyn,

n = fetvk1t+£b1vk2b1,

b = —&nvkan — &&,8b,vk3bo,
b/z = —Sblvk3b1,

where & = <t,t>, &, = (n,n}, Ep, <b1,b1>, &b, <b27b2>
whereby &, &,,&p,,&p, € {—1,1}, and &&,&p, &, = —1.

The vectors o, &, & and a'® of a non-null regular
curve « are given by

a/

vt,
o =vVi+ e’k n,

o = (V' — eV k)t + €, (3 ky v, )n + €80, v ki kaby,
a® = (L)t+ (. )n4 ()by + (—&vtkikoks )by

Then for the Frenet vectors t, n, by, b> and the curvatures
ki, ko, k3 of &, we have

a/ b e a/ ® a// ® a///
2 by ||O£’®O£”®Ot’”||7

el

by®o @ o b1 @by ® o/

b = —§&, s n= 5 2.1
! "o’ @ o by @by @ 2D
<n7 a//> <b1, a///> <b2, a(4)>

= =&+—a—, Kk3=—&&,—iT——.
R T e PR T [ Rk
(2.2)
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Since the curve o lies on .Z, if we denote the unit normal
vector field of .# restricted to o with N, we also have the ED-
frame field {T,E,D,N} other than Frenet frame {t,n,b;,b,}
along «, where

if {N, T,a"} is linearly independent (Case 1)

B a//—<a”,N>N
o= {a”,N)N|"

if {N, T,o"} is linearly dependent (Case 2)

B Oz’”—<a’”,N)N—<a’”,T>T
- ||OC'” _ <OC'”, N>N _ <(X’”,T>TH ’

D=-N®T®E.

E

Then we have the following differential equations for the
ED-frame field of first kind (Case 1)

T 0 &2k, 0 ek, | [ T
E/ —£1K; 0 &K, &7, E
D - 0 —& K'2 0 &4 T?, D ’
N’ —£1K, fszrj —&1; 0 | [ N |
and the ED-frame field of second kind (Case 2)
T/ 0 0 0 &Ky i T i
E|_| O 0 &kl &1, E
D | 0 —5Kk2 0 0 D |’
N’ —E&1Ky, —£2T§ 0 0 N i
2.3)

where Kgi, and Tg, are the geodesic curvature and the geodesic
torsion of order i, (i = 1,2), respectively, and & = (T, T),
& = <E, E>, & = <D, D>, &4 = <N, N> whereby €1,&,€3,& €
{—1,1}. Besides, when & = —1, then &; = 1 for all j # i,
1<i,j<4and g &ees=—1,[8].

3. Smarandache curves according to the
extended Darboux frame in E{

In this section, we define some special Smarandache
curves according to the ED-frame in Minkowski 4-space and
obtain the Frenet vectors and the curvatures of TD-Smarandache
curve depending on the invariants of the ED-frame of the sec-
ond kind.

Definition 3.1. Let o be a non-null regular Frenet curve with
arc-length parameter s on a non-null oriented hypersurface
A inE} and {T(s),E(s),D(s),N(s)} denotes the ED-frame
field of a(s). Then some special Smarandache curves accord-
ing the ED-frame can be defined as

TE-Smarandache curve:

Bre(s) =
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TD-Smarandache curve:  Brp(s) = \% (T(s)+D(s)),

3.1)
TN-Smarandache curve:  Bry(s) = \% (T(s)+N(s)),
ED-Smarandache curve: Bep(s) = % (E(s)+D(s)),
EN-Smarandache curve:  Bpy(s) = \% (E(s)+N(s)),
DN-Smarandache curve: Bpy(s) = \% (D(s)+N(s)).

Let us now consider T D-Smarandache curve and compute
the Frenet vectors T*, n*, b}, b} and the curvatures kj, k3,
k3 of TD-Smarandache curve depending on the invariants of
the ED-frame of the second kind. Let s* be the arc-length
parameter of TD-Smarandache curve Brp. If we differentiate
(3.1) with respect to s and use (2.3), we have

ﬁTD -

( ek E+ & KN). (3.2)

%\

Since

1Broll = (K3)* + K5,

f

from (2.1), the unit tangent vector T* of TD-Smarandache
curve Brp is obtained as

1

T
(k2457

(— &2k E+e4k,N).

Denoting &;; = gig;, 1 <1, j < 4, from (3.2) we get

-1
“ (8141( T—|—(£2( )—|—824K'n )E—|—823(K§)2D

TD_E

+(e2ek) — &4k )N) (3.3)
and
D = i(u1T+qu+u3D+u4N), (3.4)
V2
where
i —8141(‘"(821(‘ 7, ' —3x),
2 =e3(k7)> +eary (13)° — €24 (26,7, + K (73)) — £2(15)”,
U3 = —&x3K; (€4KnT +3(1<§) )
s =—€1K, — 2K, (T0)* — €24 (2( )') +&4K;, .

Using (3.2), (3.3) and (3.4) yields

1
Brp ® Brp®@Brp =

D = \[(AIT+12E+/I3D+/I4N)

where
M =3ty (e4(k7)> + &2 ) + 243 (K7 K, — (7))
+es(K7)* (E24 b2k + Haky),
Ao =~k (11 (K7)° + paky),
Az = f[.L]Tl(S (K, 2)2 + &K, )+824I~L1( *(ng)/’fn)
i (11K, — 314K, ),

14—€3K (1 (1 )+ usky)

and

!/ " " _ ;{12 ;{12 2{2 2{2
1810 Bfo © Bl = 3= \/| -4+ 23 + 13+ 231

Then from (2.1), the second binormal vector b of TD-Smarandache

curve PBrp is

Ex
by = ! (MT+AE+A3D+44N),
VI- A +23+23+22|

where &,: = (b],b}) = F1. Besides, we obtain the first binor-
mal vector b} of TD-Smarandache curve Brp as

Enx Ep*
b = b1 (MiT+wvE+vsD+wN),

2 2 2 2
\/|—v1+v2+v3+v4|

where

&+ = (n",n") = FI1,

= M7y (ea(K])> + €2K7) + €243 (k) K — K5 K
+(x )2(8112Kn—83l41< ),
V2—81K'n( +)m<)
=M1, (e4(k7)* + &257) + €241 ((K7) K — K7 K

—K; (el)incn—£3JL4K ),
V4 = —8K; (A]( ) Jr/'{.3K‘)

From (2.1), the principal normal vector n* of TD-Smarandache
curve Brp is found as
En*
n* (P1T+p2E+p3D+psN),
\/ | — JF Pz + p3 + P 7l

where

p1 = &K, (A3v2 — A2 v3) +82K§(/13V4 —A4v3),
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P2 = 841(”(},3\/1 —3,1 \/3)7 ConCIUSion

In this study, some special Smarandache curves according
to the ED-frame in Minkowski 4-space E} are defined and
considering the ED-frame of second kind, the Frenet vectors
and the curvatures of TD-Smarandache curve are obtained
depending on the invariants of the ED-frame of second kind.
Similarly for the other Smarandache curves, the Frenet ap-

p3 = €4k (A1 V2 — oV1) + €2k (A va — Agvr),
P4 = 82K§()~3V1 —)ul\/3).

Using (2.2) yields the first curvature k| of TD-Smarandache
curve Brp as

ki = oA, paratus of these curves can be calculated depending on the
invariants of the ED-frame of first kind or second kind.
where
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[4

[l

ky = i(:zﬂiw *Illvl)

1

where 151

sn*eb;\/Zlfp%+p%+p§+pf\
\/(K§)2+K‘,%\/|7V12+V22+V32+V2|
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1

V2
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— & & \/2| —Vi+vi+vi+ vy

\/(K§)2+K3\/‘_1124'1224'&32“'&&(lg’z.uivi_.ulvl)

n:
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